We consider the predictions for the weak mixing angle 0w and the scale M of unification in a supersymmetric extension of SU(5). with particular emphasis on the sensitivity to the number of Higgs multiplets. In the one-loop approximation, we also calculate the ratio nrJrn,.
Introduction
Supersymmetric unified models (SUMS) offer a potential solution to the unnaturalness or gauge hierarchy puzzle of standard grand unified models (GUMS) of electroweak and strong interactions [ 1, 2] . Attempts to build realistic SUMS face theoretical and phenomenological difficulties [2, 3] , but it has been emphasized [4] that the most naive extension of SU (5) will not substantially alter the successful prediction of the weak mixing angle Bw, whereas the unification mass scale M tends to increase by several orders of magnitude, thereby suppressing the proton decay rate beyond the range of feasible observation.
Were this a universal feature of SUMS, the observation of proton decay would discourage further attempts to utilize supersymmetry to render GUMS natural*. In this paper, we reconsider the predictions for 8, and M in SUMS, emphasizing the sensitivity to the number of light Higgs doublets. We also extend the previous lowest order results to two loops, our motivation being twofold: (i) The accuracy of the one-loop approximation depends upon the size of higher order corrections, and, since SUMS generally will contain many more particles than GUMS, one might a priori expect higher order corrections to be relatively more important.
(ii) Even a relatively modest change in the unification mass M produces a large change in the proton lifetime r a M4. Another topic treated in the course of this investigation is the change in the prediction of the quark-lepton ratio m,/m, in going from the minimal SU(5) GUM to the minimal SU(5) SUM. Remarkably enough, we find only a small change in this seemingly successful consequence of SU (5) unification.
*See note added in proof.
Another subject of interest which is easily treated in one-loop approximation is the effect of an intermediate threshold between m, and A4 on t9,, M, and the unified coupling constant (ho. This can be used in many different applications; for instance, we can deduce the dependence of these parameters on the scale A of supersymmetric breaking. The outline of this paper is as follows: In the next section, we review [2-41 the one-loop results for ew and M and discuss the sensitivity to the scale A of supersymmetry breaking. We also consider the ratio m,/m,.
In sect. 3, we proceed to consider two-loop corrections in 8, and M in SUMS. An interesting new feature of such considerations is that consistency requires the inclusion of certain Yukawa couplings. Finally, in sect. 4, we summarize our conclusions.
In the remainder of this section, we review the evolution of the coupling constants in an SU(3) 8 SU(2) @ U( 1) (effective) gauge theory [5] *. Between any two thresholds, the P-functions are given by
Here g,, g,, and g, denote the coupling constants of the U(l), SU (2) , and SU(3) gauge groups, respectively. For the standard model, the coefficients b,, b,, are well known; for convenience, they are reproduced in the appendix for an arbitrary number of generations Ns and Higgs doublets H. The most naive supersymmetric extension is simply to add appropriate partners for each elementary field appearing in the standard model**. Thus we add (Majorana) gauge fermions to the vector bosons, complex scalars to the chiral fermions of each generation, and chiral fermions to the complex Higgs fields. Supersymmetry for the gauge multiplet then implies both Yukawa couplings of the gauge fermion to the matter fermions (equal to the appropriate gauge coupling) and quartic scalar couplings (equal to the square of the gauge coupling). To two loops, the latter does not contribute, but the Yukawa interaction will contribute to the coefficients*** b,,. If we continue to neglect other Yukawa couplings ultimately responsible for the light fermion masses, then the result for the pi function can be taken from ref. [6] , which leads to the formulae in the appendix.
Unlike in the standard model, the SU(2) coupling is already not asymptotically free with only 3 generations but increases slowly. Consequently, in SUMS, the coupling constant (ro at the unification mass will always be larger than LX* at the supersymmetry breaking scale A.
l The /%function through two-loop order for a general G, @ G, theory is given in ref. [6] . ** Several arguments can be advanced against identifying the usual Higgs doublet as the supersymmettic partner of a chiral lepton doublet. For example, there could then be no Yukawa terms responsible for the mass of the lepton after spontaneous symmetry breaking of weak isospin. Also, when embedded in a SUM such as SU (5) . the scalar partners of the charge -f quarks (such as d) would mediate baryon-violating transitions (Witten, ref. [2] ). Finally, the association of Higgs scalars with particular generations is problematic. ***The p-function for supersymmetric theories was first given in ref. [7] .
One-loop results
In lowest order, the solutions for the running coupling constants are 1 -=L+h,t, a,(P) %; (2.1) where t = (1/2a)ln(M/p). As usual, we will assume that the electromagnetic coupling constant (Y and the strong interaction coupling constant (Ye are given at the weak interaction scale p = m,, and we thereby determine the unification mass M and unified coupling Q, and we predict the weak mixing angle 0,. The standard results for these quantities are [5] 
where the denominator d is defined by d = 6, -6, + C2( 6, -b3 (5), one might entertain having a 5 and a 45.
l Note that both sin20, and I depend only on the differences of the h,.
l * Throughout the paper. we have taken as inputs the values of a and ax at wzw, which we chose to be a ' = I28 and a3 = 0.12, corresponding to A Qco = 0.3 GeV. (The unification mass is approximately proportional to hqco for small changes in a,.) To obtain the absolute normalization of the unification mass M. we have taken [8] tnW = 38.5 GeV/sinB,. In table 2, we display the unification mass in one-loop approximation for various numbers of Higgs doublets for both the standard model and its supersymmetric extension.
It has been noted [2, 3] that a minimum of two Higgs multiplets is necessary in formulating the supersymmetric extension because a single chiral Higgs supermultiplet cannot give mass to both the charge -f and charge + 3 quarks. Even more seriously perhaps, a single Higgs supermultiplet would give an anomaly, thereby destroying renormalizability.
In fact, to avoid anomalies due to the additional fermions, it is rather natural to double the number of Higgs multiplets. In the non-supersymmetric case, increasing the number of Higgs from 1 to 2 makes only a 35% decrease in the unification mass; however, in the supersymmetric extension, doubling the number of Higgs from 2 to 4 results in an order of magnitude decrease to a value only very slightly greater than the commonly accepted prediction! Thus the observation of proton decay would not ipsofucto exclude supersymmetry above 1 TeV*. However, increasing the number of Higgs multiplets necessarily increases sin28,, so it may be difficult for SU(5) SUMS to account simultaneously for both the experimental value of sin28, and an observable proton decay rate. Indeed, all the values of sin28, in table 2 for the supersymmetric case with HZ= 2 tend to be rather high compared to the currently favored values. [8] Another frequently cited successful prediction of SU (5) GUMS is the ratio** mb/mT7 which follows from assuming these masses are due to a Higgs 2 only. Although this is more controversial and apparently more model dependent than sin2t&, it is interesting to know how the simplest supersymmetric extension alters the prediction. In addition to the usual self-energy graph ( fig. la) contributing to the anomalous dimension of the mass operator &$, there is also the graph ( fig. lb) with the gauge fermion and complex scalar partner of the fermion. The general formula for the anomalous dimension y,, is changed from in the standard model to Yr?, = &4C,(R) (2. 3) (2.4) in the supersymmetric model, where C,(R) is the quadratic Casimir for the representation R of the matter fields. Then, assuming for simplicity that supersymmetry breaking occurs at m,, we find for the SU(5) supersymmetric model with 3 generations (2.5) *Cf. ref. [4] . It is worth recalling [X,9] that there is at least an order of magnitude uncertainty in the proton lifetime because of uncertainties in the correct value of ul. It has been argued [X] that II > 3 i.\ excluded because the proton lifetime becomes too short. However, it is clear that many more than 3 doublets are allowed by the supersymmetric extension.
while in the standard model (2.6) Here m, represents the mass of the top quark. We have neglected the contribution from the hypercharge subgroup, which in both cases gives a correction of O(lO%). *It must be noted that this ratio was already considered in ref. [3] , who quote a different result from ours. ** These considerations are similar in spirit to those of ref. [ 1 I] .
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The unification mass and (YC, ' also depend linearly on t, viz., 4x1 (2.9) These also vary between the values in the two extremes A = m, and A = M. So it is trivial to estimate the effect of an intermediate threshold of a known type (new generation, heavy Higgs, etc.) In SU (5), it is a fact [ 1 I] that, if all the particles which compose a complete representation of SU (5) enter at the same mass scale, they contribute equally to all B, and so make no change at all (in the one-loop approximation*) in either sin*t9, or T. Thus, the proton lifetime will be affected only via the change in CY~;. On the other hand, "incomplete" multiplets (such as a Higgs doublets without its colored partners) affect the mixing angle and unification mass already at the one-loop level. The preceding formulas can be applied to calculate, for example, the dependence on the scale A of supersymmetry breaking. For the coefficients given in the appendix, eqs. so that, per unit of t = (1/2m)ln(R/mw), we find a percentage change in sin*e,, M, and (ho by -2%, -67%, and -13% respectively. (For naturalness, we expect A 5 1 TeV or t ~0. 4 .) It is also worth emphasizing how small a change this makes in sin*8, , which leads us to wonder whether the SU(5) prediction of the mixing angle is not much more stable against new thresholds in the desert region than is generally believed.
Two-loop results
The determination of two-loop corrections to Bw and M is quite important. Since the one-loop corrections to sin*t9, are on the order of 50%, one worries about the rate of convergence of the perturbation expansion and the accuracy of the lowest order result.
The solution of the renormalization group equations through two loops has been discussed by a number of people [8, 9, 12 ], so we can adapt their methods of solution to the supersymmetric case. The coefficients bij needed have already been displayed in the appendix. However, one other piece of information is needed to solve the equations, viz., the "boundary" or "matching" condition relating the coupling constants (Y, of the SU(3) @ SU(2) @ U(1) effective gauge theory to the coupling constant (ho of the unified theory in the region near the unification mass: In any gauge theory, the relation is of the form
where qA represents the generator for scalars (S) , fermions (F), and vectors (V). The traces are summed over the superheavy scalars, fermions, and vectors, where As is a projector removing those scalar, would-be Goldstone bosons which were eaten to give massive vectors*. As emphasized by Hall [12] , the whole question is what are the integration constants Ci, since the dependence on the scale p is dictated by the lowest order renormalization group equation for CX, and (ho. In fact, the answer depends on the renormalization scheme used. For example, for modified minimal subtraction,
Weinberg [ 121 gives (3.2) * The normalization of each trace has been chosen as would be appropriate for a scalar transforming by a real representation of the group; a Dirac fermion, by a complex representation: a real vector, by a real (i.e. the adjoint) representation.
For a complex scalar, multiply by 2; for a Majorana fermion. divide by 2. whereas Hall drops the second term. The origin of the constant C, depends on how one continues the fermion and vector boson degrees of freedom away from four dimensions.
Within standard models, this is somewhat arbitrary (as the difference between Hall and Weinberg illustrates).
However, in supersymmetric theories, one must regulate without altering the spin degrees of freedom in order to preserve supersymmetry*. It is a simple exercise then to show that this requires C, = 0. Thus, except for superheavy mass differences**, the boundary condition for the second-order calculation is the same as in lowest order, viz., CX,( M) = (Ye. Now it is straightforward to modify previous two-loop solutions to the supersymmetric case. (See in particular Hall, and Unger and Yao [12] , who used modified minimal subtraction, which we follow.) In the appendix, we have summarized the two-loop formulae for sin28w, M, and aC, '. Having no information on the masses of superheavy particles, we have used the matching condition a,(M) = (~c;. We display the results in l * The crossing of a gauge threshold uhoue the supersymmetry threshold corresponds to the boundary condition where the first term in the bracket represents the contribution from massive Higgs multiplets; the second, from massive matter multiplets; the third. for massive vector supermultiplets.
(The matter and Higgs multiplets are assumed to consist of a Divuc spinor plus two complex scalars transforming by a contp/e\-representation of the group. For a recrl representation, divide by two; for a Majorana multiplet. divide by two. The massive vector supermultiplet consists of a real vector. a Dirac fcrmion, and a real scalar. all transforming in the adjoint representation.) ***Of course, the equations only determine the ratio M/mw.
Strictly speaking, we ought to compute the one-loop correction5 to nrw in order to determine the absolute scale for M. However, since the uncertainties in M due to uncertainties in a3 are large [X.9] , this small correction to M may be neglected. For simplicity. then, we have continued to use ntvv = 3X.5 GeV/sinB, [Xl. corrections are small, typically of order + 1% in sin2f?, and of order -25% in M, about huff the corresponding changes due to the two-loop P-function in the standard model, As indicated at the close of the preceding section, effects due to the position of the supersymmetry threshold could be comparable.
One-loop effects due to other particle thresholds either above or below the supersymmetry threshold could be even more significant. In addition, such a threshold leads to additional corrections at the two-loop level from dispersion in the masses about the threshold because of matching conditions similar to eq. (3.1) . (See 3rd footnote of this section.)
One can also entertain the possibility of more than three matter generations. If a fourth generation occurs below mw, then the input values of a(mw) and a3(mw) will be affected. Thus, even though at one-loop sin2e$,) and t(') do not depend explicitly on Np, the predictions for 8, and M will be changed because of these changes in the input coupling constants. Furthermore, the unified coupling constant (ho depends explicitly on Ns already in the one-loop approximation.
The two-loop corrections will then depend on Np both implicitly through its dependence on sin2/3$), t(l), and ag) and explicitly through the appearance of Np. [See eqs. (A.2) and (A.4) .] Since we do not know whether there are more than three generations much less its mass scale, we will limit ourselves to calculating the effects of a fourth generation on (Y$J' and on two-loop corrections, assuming the fourth generation has a mass scale of order m,. Such effects have been previously calculated in the standard model under similar assumptions [8, 9] . In table 4, we display the effects of a fourth generation in the supersymmetric case. To one part in a thousand, the changes in sin28, are the same as for Na = 3. As for the unification mass, it is amusing to note that, while the two-loop corrections reduced M for Ng = 3, they increase M for Np = 4.
Summary and conclusions
In this paper, we have analyzed several effects contributing to the evolution of the coupling constants of supersymmetric SU(3) @ SU(2) @ U(l), in both the one-loop and two-loop approximations.
Because of the additional fields required by super-symmetry, unification is generally postponed compared to the standard model.
However, this conclusion is sensitive to particle multiplets for which, when embedded in representations of the unified group, there is a large dispersion in the masses. The familiar example is the Weinberg-Salam Higgs doublet whose colored triplet partner composing the 5 of SU (5) is presumed to have a mass of the order of the unification mass. As we have seen, however, a supersymmetric SU(5) model with four Higgs doublets (coming for example from a chiral and antichiral 5 and 42) has a unification mass about the same as the minimal (non-supersymmetric) SU(5) model. However, sin*8, in such a case seems slightly too large (= 0.25) compared to the currently favored experimental values. It seems that, if proton decay is observed, it will be difficult for supersymmetric SU(5) to reconcile so short a lifetime with the experimental value of sin28,. We also considered the effects of an intermediate threshold between m w and M at the one-loop level in a general way. We applied this to estimate the uncertainties in sin20 w, M, and (ho due to a threshold for supersymmetry breaking above m w. At the two-loop level, we have discussed the coupling constant evolution and the supersymmetric "matching conditions" near the unification mass between the three coupling constants of the SU(3) 8 SU(2) @ U(1) effective gauge theory and the SU(5) unified coupling constant. Despite the many additional fields of supersymmetric SU (5), we found that the two loop corrections to the running coupling constants lead to even smaller corrections to sin*8, and to M than in the minimal SU(5) model.
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Note added in proof Sakai [14] has presented arguments similar to those of ref. [4] . The sensitivity to the number of Higgs doublets noted herein has also been observed by Ibanez and Ross [ 151. The uncertainty in the experimental determination of sin2 13, because of uncertainties in the value of p = m$/m:cos* 8, has been emphasized in ref. [16] . It has recently been pointed out [17] that in SUMS there in general exist dimension five operators of the form (l/M)$+$+ which can also contribute to proton decay. Although further analysis [18] shows that the resulting decay rate (which depends on several unknown parameters such as the gluino mass) is not necessarily incompatible with experiments, it is clear that the relation between the unification mass M and the proton decay rate is not so direct as we have implicitly assumed, unless the dimension five operators are eliminated by an additional symmetry.
